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A parabolic equation is considered. Its coe�cient in the linear term, the right-hand side, and the initial

value of the equation are random functions. Some Monte Carlo estimators for sample values of its solution

and for some functionals are constructed and veri�ed.

1. Introduction

In this paper, we consider a multidimensional parabolic equation

wt = ��w + cw + f; (1:1)

or Hx;t[c]w = f , where � > 0 is constant, and coe�cient c(x; t;!), (x; t) 2 DT , DT =

IRm � (0; T ) is supposed to be a random �eld with respect to a suitable probability space

(
;A; P ). This means that c(�; �;!), for each ! �xed, is an element of some functional space X

of real-valued functions de�ned on DT , and it induces a probability measure � on a �-algebra

B of subsets of X.

It is clear that a solution of (1:1) is to be considered in a probabilistic sense. Di�erent

approaches can be used here.

The common one is to de�ne a random solution as a random function w(x; t;!), which is

a classical solution �-almost surely (a.s.). It means that for almost all �xed ! the function

w(x; t;!) is continuously di�erentiable with respect to t, twice continuously di�erentiable with

respect to xj; j = 1; : : : ;m, and satis�es equation (1:1). The conditions ensuring the existence

of a unique solution of (1:1) (provided the corresponding well-posed boundary or initial value

problem is set) are well-known (see, for example, [8, 9]). An essential additional requirement

to be ful�lled is also as follows: the random function w(x; t; �) has to be �-measurable over

(X;B) or, in other words, the random variable w(x; t; �) for each �xed (x; t) 2 DT has to be

measurable over (
;A).
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Another approach is to consider (1:1) in L2(
) sense, either in its weak [3] or strong

formulations. The latter means that all di�erential operators in (1:1) are considered in a

mean square (m.s.) sense. The mean square approach can be substantiated by the fact

that sample values of the random solution and even its point distributions are usually of no

special interest. Rather, some integral functionals with respect to the distribution w, such as

moments or a characteristic functional, are the purpose of computations.

The major motivation for constructing and studying Monte Carlo methods for random

parabolic equations and systems is the apparent ine�ciency of conventional computational

algorithms when applied immediately to solving initial or boundary value problems for (1:1).

It would be most reasonable to reformulate the problem so that exactly the required func-

tional is a solution of some deterministic equation. It is worth noting, however, that the

reformulation itself can be a formidable and complicated task.

In this paper, we propose some Monte Carlo estimators for sample values of a random

solution itself, for its moments and a characteristic functional. In Section 2 we consider the

Cauchy problem and the computational algorithm based on a Wiener integral probabilistic

representation for its solution. Section 3 is devoted to reformulation of the problem in the

form of integral equations based on various potential representations. Randomization of these

integral equations leads to the Monte Carlo algorithms described in Section 4. The results

of some numerical experiments are presented and discussed in Section 5.

2. A random Cauchy problem and probabilistic

representation

First, consider a random Cauchy problem

w(x; 0;!) = w0(x;!) (2:1)

and suppose that equation (1:1) and initial condition (2:1) are to be satis�ed with probability

one.

One of possible ways to obtain a formal solution of the problem is to use the Feynman-Kac

formula. This representation in the form of a Wiener integral, which was �rst established

for the deterministic equation [10, 14, 6], admits generalization to the case of random (and

even stochastic) coe�cient, the right-hand side and initial values [5, 4, 11]. Thus, as a

simple consequence of Theorem 2 [5], we have (f is set to be equal to zero for simplicity of

formulation)

Theorem 1. Let c be: (a) a.s. continuous and uniformly (with respect to !) bounded above:

c(x; t;!) � c0; (b) a.s. uniformly (with respect to ! and t) H�older continuous in IRm; and

let w0 be a.s. continuous and bounded. Then the Cauchy problem (1:1), (2:1) has the unique

random solution given by the following expression:

w(x; t;!) = IE

�
w0(x� z(t);!) exp

� tZ
0

c(z(�) � z(t) + x; � ;!) d�

�����!�

= IE

�
w0(y(t);!) exp

� tZ
0

c(y(s); t� s;!) ds

�����!�: (2:2)
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Here z(t) = (2�)1=2W (t), W is a standard Wiener process, y(t) is the Brownian motion

starting from the point x at time t = 0. It can be considered as the solution of the stochastic

Itô equation y(t) = x+
tR
0

(2�)1=2dW (s).

In order to make use of the formula (2:2), one has to construct numerically some approx-

imation for y(t). It is possible, in particular, to use the generalized Euler scheme with a

constant step size � = t=N (see [17] for motivation):

yn+1 = yn + (2��)1=2�n;

where y0 = x and f�n; n = 0; 1; : : :g is a sequence of independent random vectors in IRm with

normal distribution N (0; 1) of its independent components [1]. The piecewise linear processey(t) constructed on the grid of points (yn; tn) in IRm+1, tn = n� , approximates y(t) with an

accuracy of order � [18]. As a consequence of the properties of c and w0, the functional F (y) in

the right-hand side of (2:2) is measurable and bounded. Thus, [2], w(x; t;!) is approximated

by F (ey) with an accuracy of order �t for almost all ! 2 
. It is also clear that we have to

make use of some numerical scheme in order to compute the integral in (2:2).

Hence, we have

Theorem 2. At the conditions of Theorem 1, for almost all !,

w� (x; t;!) = w0(yN ;!) exp

�
�

2

N�1X
n=0

(c(yn; tn;!) + c(yn+1; tn+1;!))

�
(2:3)

is a �t-biased estimator for the solution of the random Cauchy problem (1:1), (2:1). The

conditional variance of w� (�xed !) is uniformly bounded in DT .

It has been assumed implicitly in (2:3) that it is possible to use the exact values of the

random �elds w0 and c. It is worth noting, however, that it is not a usual case, and some

simulation procedure must be involved in the process of computation of the sample values of

wt (see, for example, [13, 15]). The e�ciency of such a simulation essentially depends on the

statistical characteristics of random parameters and, above all, on their spectral properties.

Bearing in mind the latter speculations, let us set aside the computational cost of the

random input data simulation and consider the complexity of estimator (2:3) itself. Denote

by V� its variance and let V be its upper bound. Hence, in order to attain the order " of

the desired probabilistic accuracy (�xed !) for the sample value of w� , we have to simulate

Nsample = O("�2V ) independent samples of w� (x; t;!) (or, what is equivalent, independent

paths of the random walk fyng). It is natural to suppose that the bias of the estimator is

of the same order as its probabilistic error. Hence �t = O(") and, since � = t=N , we have

N = O(t2"�1). It follows that the computational cost of estimator (2:3), which is proportional

to NNsample, is of order "
�3
t
2
V .

3. Integral representations of a solution

3.1. Heat potentials

For every t� t
0
> 0 let

Z0(x� x
0
; t� t

0) =

�
4��(t� t

0)

�
�m=2

exp

�
�
jx� x

0j2

4�(t� t0)

�
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be the parametrix, i.e. the fundamental solution of the heat equation corresponding to (1:1).

We seek for a solution of random Cauchy problem (1:1), (2:1) in the form of the Neumann

series for the integral equation

w(x; t;!) =

tZ
0

dt
0

Z
IRm

dx
0
Z0(x� x

0
; t� t

0)c(x0; t0;!)w(x0; t0;!) +

tZ
0

dt
0

Z
IRm

dx
0
Z0(x� x

0
; t� t

0)f(x0; t0;!) +

Z
IRm

dx
0
Z0(x� x

0
; t)w0(x

0;!)

� KZ0cw(x; t;!) + F0(x; t;!): (3:1)

It means that

w =

1X
n=0

K
n
Z0c

F0; (3:2)

where the limit is considered either a.s. or in the m.s. sense.

Now, we introduce some notation. Let cn(X;!) be the product
nQ

j=1
c(xj ; tj ;!), let Cn

be the moment functions IE(cnjX) (C0 � 1) of the random �eld c(x; t;!), and let Cn =

IE(jcnj jX), bCn = sup
X

jCnj. Here X = f(xn; tn); n = 0; 1; : : :g is some (maybe random)

sequence of points in DT .

The properties of the parametrix [8] make it possible to prove

Theorem 3.

1) If, for almost all �xed !, c, f , and w0 are bounded almost everywhere, the Neumann

series in (3:2) converges uniformly with respect to x, and t to the a.s. continuous

function w.

2) If, in addition, c and f are a.s. continuous in DT and uniformly, with respect to t, a.s.

H�older continuous, w is the solution of integral equation (3:1), a.s. belongs to C2;1(DT ),

and satis�es (1:1) for almost every �xed !.

3) If w0 is a.s. continuous, then w a.s. satis�es the initial conditions (2:1).

4) If, besides,

a) the moment functions of c satisfy uniformly, with respect to X, the conditions Cn �

t
�n
n!a(n), where a(n) > 0 are such that the series

1P
n=0

a(n) converges,and

b) IEjf j and IEjw0j are bounded functions,

then w, which is the sum of the Neumann series in (3:2), has a �nite expectation and

provides an a.s. solution to the random Cauchy problem.

Proof. It is clear that the �rst two conditions of the theorem ensure, for almost all �xed !,

the existence of the unique solution to the Cauchy problem [8, 9]. Therefore, it remains to

prove, �rst, the convergence of the Neumann series in C(DT ) and, second, that the solution

of (3:1) satis�es both (1:1) and (2:1).

The �rst statement immediately follows from the corresponding results for the determin-

istic case of (3:1) (see [16]).

Actually, if f and w0 are the elements of L1(DT ) and L1(IR
m), respectively, (�xed !),

then, from the properties of the parametrix [8], F0 belongs to C(DT ).
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Now consider KZ0c as an integral operator on this functional space. Since jjKZ0cjj �

jjcjjL1 jjKZ0
jj and the properties of the parametrix [19] make it possible to prove by induction

thatKn
Z0
(1) = t

n
=n! then, for almost all �xed !, the Neumann series (3:2) converges in C(DT )

and jjwjj � exp(jjcjjt)jjF0 jj. (Notice that the right hand side of this inequality depends on

!).

Now let w satisfy (3:1) for almost all ! 2 
. The same reasoning as in the deterministic

case makes it possible to assert that if w, c, and f are continuous in DT and uniformly, with

respect to t, H�older continuous, then w 2 C
2;1, and we have

Hx;t[0]w = cw + f

i.e. w satis�es (1:1) for almost all �xed !. For continuous w0, the solution of (3:1) also

satis�es initial conditions (2:1).

Consider the expectation of w, which is the solution of (3:1). Suppose for simplicity that

c and f , w0 are independent. Then we have

IEjwj �

1X
n=0

IEKn
Z0
(jcnjjF0j) =

1X
n=0

K
n
Z0
(IEjcnj � IEjF0j) � sup

x;t
IEjF0j

1X
n=0

K
n
Z0

�
Cn

�
� (t sup

x;t
IEjf j+ sup

x
IEjw0j)

1X
n=0

K
n
Z0
(1) sup

X

Cn:

From the properties of the moment functions (condition 4a of the theorem) and those of the

integral operatorKZ0
, this series converges. Hence, w de�ned by (3:2) has a �nite expectation,

is measurable and, thus, provides a.s. solution to the random Cauchy problem. 2

Now consider (3:1) in the m.s. sense and prove the following:

Theorem 4. Let

1) c, f and w0 have bounded second moments and be m.s. continuous;

2) c and f be m.s. H�older continuous in x, uniformly with respect to t;

3) the moment functions of c satisfy the inequalities (A) bC2n � (n!)2t�2na2(n), where

a(n) > 0 are such that the series
1P
n=0

a(n) converges.

Then the sum of the series in (3:2) provides the m.s. solution of the random Cauchy

problem (1:1), (2:1).

Proof. Denote by �[u; v] the mixed moment function for random �elds u and v.

Let w satisfy (3:1) in the m.s. sense. This means that

�[w;w](x1; t1;x2; t2) = K
(1)
Z0
K

(2)
Z0
(�[cw; cw] + �[cw; f ] + �[f; cw] + �[f; f ]) +

K
(1)
Z0

Z
IRm

Z
(2)
0 (�[cw;w0] + �[f; w0]) +

K
(2)
Z0

Z
IRm

Z
(1)
0 (�[w0; cw] + �[w0; f ]) +

Z
IRm

Z
(1)
0

Z
IRm

Z
(2)
0 �[w0; w0]; (3:3)

where upper indices denote integration variables and the variables on which the kernel Z0

depends.
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Prove now that w belongs to L2(
) uniformly with respect to (x; t). For every (x; t) 2 DT ,

we have (as a consequence of the Minkovski inequality)



 1X
n=0

K
n
Z0c

F0






L2(
)

(x; t) �
1X
n=0

jjK
n
Z0c

F0jjL2(
)(x; t):

Suppose for simplicity that c and F0 are independent. Then we have by the de�nition that

(jjKn
Z0c

F0jjL2(
)(x; t))
2 = IE(Kn

Z0c
F0)

2(x; t) = K
n
Z0

0
K

n
Z0

00
�
c2n IE

�
F0(x

0

n; t
0

n)F0(x
00

n; t
00

n)
��
:

It follows that w de�ned by (3:2) satis�es

jjwjjL2(
)(x; t) � sup
x;t

jjF0jjL2(
)(x; t))
1X
n=0

K
n
Z0
(1)( bC2n)

1=2
:

Therefore, since Kn
Z0
(1) = t

n
=n!, (A) ensures convergence of the series in this relation.

Thus, the random functions c, f , w0, and w belong to L2(
) uniformly with respect to

(x; t) and, therefore, from the properties of the heat potentials [8], �[w;w](x1; t1;x2; t2) is

continuous, i.e., w is m.s. continuous. Hence, as a consequence of the �rst condition and,

again, from the properties of the potentials, this moment function is continuously di�eren-

tiable with respect to x1 and x2. Thus, w belongs to C1;0 in the m.s. sense and, therefore,

from the properties of the potentials, w also belongs to C2;1.

It follows that we can apply the operator Hx1;t1 [0]Hx2;t2 [0]

to �[w;w](x1; t1;x2; t2), and the result will be a continuous function. Next, we make use

of (3:3) bearing in mind the continuity properties of the moment functions in its right-hand

side. Hence, we have

Hx1;t1 [0]Hx2;t2 [0]�[w;w] = �[cw; cw] + �[cw; f ] + �[f; cw] + �[f; f ];

which means exactly that w satis�es (1:1) in the m.s. sense. Similarly, from the m.s. con-

tinuity and the properties of the heat potentials, the m.s. limit of the solution equals w0.

2

Statement. The conditions (A) of Theorem 4 are satis�ed if either a) c is bounded almost

everywhere in DT � 
 or b) c is a Gaussian random �eld with bounded second moments.

Proof. If jc(x; t; ;!)j � Cmax then, clearly, bC2n � C
2n
max. Thus, we can set a(n) = C

2n
maxt

2n
=(2n)!

and
1X
n=0

a(n) =
1X
n=0

C
n
maxt

n
=n! = exp(Cmaxt).

If c is Gaussian, jC1j = jIEc(x; t; �)j � M , IE(c(x; t; �) � C1(x; t))
2 � �

2, we have bC2n �

M bC2n�1 + (2n � 1)�2 bC2n�2 and, hence, bC2n � rs
n
n! for some constant r and s. It follows

that we can set a2(n) = r(t2s)n=n!. 2

3.2. Integral representation with a \frozen" coe�cient

It is clear that integral representation (3:1) is not the only one that is possible. We

can reduce the Cauchy problem to summation of the same Neumann series (3:2) if we seek

for a solution either in the form of the heat potential
tR
0

dt
0
R

IRm
dx

0
Z0(x � x

0
; t� t

0)�(x0; t0;!)

with an unknown random density � (see, e.g. [12]), or in the form of the sum of potentials
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tR
0

dt
0
R

IRm
dx

0
Zc(x � x

0
; t � t

0;!)f(x0; t0;!) and
R

IRm
dx

0
Zc(x � x

0
; t;!)w0(x

0;!). Here Zc is an

unknown random fundamental solution of the operator H[c] which is sought for in the form

of the Neumann series for an integral equation with the integral operator KZ0c [8].

Here we propose to consider one more integral representation based on a technique that

may be called \the method of freezing" of the random coe�cient c (see [15]). We seek for a

solution of the Cauchy problem (1:1), (2:1) in the form of a sum of two potentials

w(x; t;!) =

tZ
0

dt
0

Z
IRm

dx
0
Z
0

c(x; t;x
0
; t
0;!)�(x0; t0;!) +

Z
IRm

dx
0
Z
0

c(x; t;x
0
; 0;!)w0(x

0;!): (3:4)

Here Z 0

c(x; t;x
0
; t
0;!) = Z0(x � x

0
; t � t

0) exp(c(x0; t0;!)(t � t
0)) is a random kernel, � is an

unknown potential density and (3:4) is satis�ed in an appropriate probabilistic sense.

Suppose that c, w0, and � are continuous and uniformly, with respect to t, H�older con-

tinuous random functions. Let w0 and � be a.s. bounded and c a.s. bounded above (by

some random variable from L2(
)). Then, from the properties of the parametrix, the poten-

tials in (3:4) a.s. belong to C2;1(DT ), and we can interchange the order of integration and

di�erentiation. Hence,

Hx;t[0]w = lim
t0!t�0

Z
IRm

dx
0
Z
0

c(x; t;x
0
; t
0;!)�(x0; t0;!) +

tZ
0

dt
0

Z
IRm

dx
0
Z
0

c(x; t;x
0
; t
0;!)c(x0; t0;!)�(x0; t0;!) +

Z
IRm

dx
0
Z
0

c(x; t;x
0
; 0;!)c(x0; 0;!)w0(x

0;!):

As a consequence of the properties of the parametrix, we have

lim
t0!t�0

Z
IRm

dx
0
Z
0

c(x; t;x
0
; t
0;!)�(x0; t0;!)

= lim
t
0
!t�0

x
0
!x

�
exp(c(x0; t0;!)(t� t

0))�(x0; t0;!)
�
= �(x; t;!)

both a.s. and in the m.s. sense. Thus, since we require that w satisfy (1:1), the density �

must satisfy the integral equation

�(x; t;!)

=

tZ
0

dt
0

Z
IRm

dx
0
Z0(x� x

0
; t� t

0) exp(c(x0; t0;!)(t� t
0))�

�
c(x; t;!) � c(x0; t0;!)

�
�(x0; t0;!) +

Z
IRm

dx
0
Z0(x� x

0
; t) exp(c(x0; 0;!)t) �

�
c(x; t;!)� c(x0; 0;!)

�
w0(x

0;!) + f(x; t;!) (3:5)

or

� = KZ0(c�c0)�+ F
0

0:

Theorem 5. If, for almost all �xed !, random functions f , w0, and c are bounded almost

everywhere, c and f are a.s. continuous in DT and uniformly, with respect to t, a.s. H�older
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continuous, then w, the integral functional of the solution of the integral equation (3:5), a.s.

belongs to C2;1(DT ) and satis�es (1:1).

If w0 is a.s. continuous, then w a.s. satis�es initial conditions (2:1).

If, besides, IEjw0j and IEjf j are bounded functions, c is a.s. H�older continuous in DT , uni-

formly with respect to !, and there exists such a constant c� that IE exp(ct) � exp(c�t2), then

w de�ned by (3:4) provides an a.s. solution to the random Cauchy problem.

Proof. It is clear that the conditions of the theorem ensure the existence of the unique

bounded solution to the Cauchy problem for almost all �xed !. To prove that w given by

(3:4) a.s. coincides with this solution, consider the free term of integral equation (3:5). For

almost all ! and almost everywhere in DT , we have

jF
0

0j(x; t;!) � 2cmax exp(cmaxt)w0;max + fmax <1

for some �nite cmax, w0;max, and fmax that may depend on !. It means that F 0

0 2 L1 a.s.

Consider KZ0(c�c0) as an operator acting on this functional space. We have jjKZ0(c�c0)jj �

2jjc � exp(ct)jjL1 � jjKZ0
jj and, therefore, jjKn

Z0(c�c0)jj � (cmax exp(cmaxt))
n
t
n
=n!. Hence, the

Neumann series in (3:5) converges uniformly in DT to �, an element of L1(DT ). From the

properties of the parametrix, the second condition of the theorem ensures the di�erentiability

of � and, hence, of w. Then (3:5) means that w de�ned by (3:4) satis�es (1:1) and the

continuity of w0 ensures that the initial value of w is a.s. equal to this function.

Suppose for simplicity that c, w0 and f are independent, and consider the expectation of

w de�ned by (3:4), where � is a solution of the integral equation (3:5). We have

IEjwj � KZ0
(IE (exp(c(x0; t0; �)(t � t0))j�(x0; t0; �)j)) +

max
x0;t0

IE exp(c(x0; t0; �)t)max
x0

IEjw0(x
0; �)j:

Considering the �rst term, we have

KZ0
(IE(exp(c(x0; t0; �)(t� t0))j�(x0; t0; �)j))

�

1X
n=0

KZ0
(IE(exp(c(x0; t0; �)(t� t0))jK

n
Z0(c�c0)F

0

0j))

=

1X
n=0

K
n+1
Z0

�
IE
��exp(S0;n) ��n � F

0

0

��� ; (3:6)

where we use the notation

S0;n =

nX
i=0

c(xi; ti; �)(ti�1 � ti); t�1 � t; �n =

n�1Y
j=0

(c(xi; ti; �)� c(xi+1; ti+1; �)):

By virtue of H�older continuity, j�nj � const
n�1Q
j=0

j(xi; ti) � (xi+1; ti+1)j
�. Thus, as a conse-

quence of the last condition of the theorem and the trivial inequality
n�1P
i=�1

(ti�ti+1) = t�tn < t

we have S0;n � exp(c�t2). Then

K
n+1
Z0

(IEj exp(S0;n) ��n � F
0

0j) � exp(c�t2)Kn+1
Z0j�j

�
(IEjf j+ exp(c�t2)KZ0j�j

�IEjw0j):

From the properties of the integral operator KZ0j�j
� the series in (3:6) converges (see [16,

8]). This means that the expectation of w given by (3:4) is �nite, this random function is

measurable, and provides an a.s. solution to random Cauchy problem (1:1), (2:1). 2
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4. Monte Carlo estimators

Convergence of the Neumann series for integral equations (3:1) and (3:4) makes it possible

to construct Monte Carlo estimators for w, a solution of random Cauchy problem (1:1), (2:1).

In order to do this, de�ne a Markov chainX = f(xn; tn); n = 0; 1; : : :g with the state spaceDT .

It is completely determined by specifying the initial point (x0; t0) = (x; t) and the transition

density p(xn; tn ! xn+1; tn+1) =
q

tn
Z0(xn � xn+1; tn � tn+1). The latter means that tn+1 is

uniformly distributed on the interval (0; tn) and xn+1 2 IRm is normally distributed (�xed

tn+1): N (xn; 2�(tn � tn+1)). Thus, tn+1 can be simulated in accordance with the formula

tn+1 = �tn and xn+1 is sampled in accordance with xn+1 = xn + 2(�(tn � tn+1)
m=2)
1=2

$.

Here and below, � are independent sample values of the standard random variable uniformly

distributed on [0; 1], 
m=2 are independent gamma-distributed random variables with the

parameter m=2, and $ 2 IRm are independent isotropic random vectors of unit length.

Next, we sample random functions c(x; t;!), f(x; t;!), and w0(x;!) in accordance with

some simulation procedure, and construct a Monte Carlo adjoint collision estimator [7]:

�
�[w](x; t;!) =

NX
n=0

Q
�

n[c] �[F0](xn; tn;!); (4:1)

or, in the recurrence form,

�
�[w](xn; tn;!) = sn

tn

q
c(xn+1; tn+1;!)�

�[w](xn+1; tn+1;!) + �[F0](xn; tn;!): (4:2)

Here

Q
�

n+1[c] = Q
�

n[c]
k(xn; tn;xn+1; tn+1)

p(xn; tn ! xn+1; tn+1)
= Q

�

n[c]
tn

q
c(xn+1; tn+1;!); Q

�

0[c] = 1; q

is the survival probability on the transition xn; tn ! xn+1; tn+1 (it may depend on n), fsn; n =

0; 1; : : :g is a sequence of independent random variables such that sn = 1 with a probability

q and sn = 0 with a complementary probability 1� q. N is a random number of terms in a

sample path of the Markov chain X.

Note that, in accordance with the double randomization principle, we use unbiased esti-

mators �[F0] instead of the exact values of the integrals constituting F0. This is natural in

this context, since there is no possible way to obtain analytical values of these integrals. Here

we have

�[F0](xn; tn;!) = tnf(x
�

n;1; t
�

n;!) + w0(x
�

n;2;!);

where x�n;2 has a normal distribution N (xn; 2�tn), x
�

n;1 has a conditional (t�n �xed) normal

distribution N (xn; 2�(tn � t
�

n)), and t
�

n is uniformly distributed over (0; tn) (see [16]).

Theorem 6. At the assumptions of Theorem 3, we have

1) if only the �rst condition is valid, i.e. for almost every �xed ! 2 
 c, f and w0 are

bounded almost everywhere in DT , then a.s. there exists IE(��[w]j!), which is equal to

the sum of the Neumann series in (3:2);

2) IE(��[w]j!) provides an a.s. solution to the random Cauchy problem (1.1), (2.1), and it

has a �nite conditional variance;

3) for every �nite t > 0, ��[w](x; t;!) is the unbiased estimator for the mean value of the

solution w(x; t) � IEw(x; t; �) ;
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4) if, besides, f and w0 have bounded second moments and the moment functions of c

satisfy the conditions Cn � n!!qn=2t�na(n) for some convergent series
X

a(n), then its

variance is �nite.

Proof. Introduce a random variable �n(X), which is equal to one if n � N and equal to

zero otherwise. From the general theory of Monte Carlo estimators [7] it follows that

IE(Q�

n[1]�n(X)) = K
n
Z0
(1)

and it is equal to tn=n! as we have already seen. Hence, we can write

IE(j��[w]j j!) = IE

 �����
1X
n=0

Q
�

n[1] cn(X;!)�[F0](xn; tn;!)�n(X)

�����
????!
!

� IE

 
1X
n=0

Q
�

n[1] jcn(X;!)jj�[F0](xn; tn;!)j�n(X)

????!
!

=

1X
n=0

IE

�
Q
�

n[jcj]j�[F0]j�n(X)

????!� =

1X
n=0

K
n
Z0jcj

�
IE(j�[F0]j

????X;!)�: (4:3)

Since, almost surely, j�[F0](xn; tn;!)j � tfmax(!) + w0;max(!) � Fmax, we have

IE(j��[w]j j!) � Fmax

1X
n=0

K
n
Z0jcj

(1) � Fmax

1X
n=0

(cmax(!)t)
n
=n! = Fmax exp(cmaxt) <1

for almost all �xed !. It follows that, for almost all �xed !, we can expand the series in (4:1)

to in�nity by introducing the multiplier �n(X), and average this series term-by-term. Thus,

we conclude that

IE(��[w](x; t;!)j!) =

1X
n=0

K
n
Z0c

F0(x; t;!); (4:4)

and from the �rst condition of Theorem 3, the Neumann series in the right-hand side con-

verges.

It has been established already that the conditions of Theorem 3 ensure that the sum of

this series provides the solution to the random Cauchy problem. Relation (4:4) means that

the same is true for the conditional estimator IE (j��[w]j j!).

Suppose for simplicity that c and f , w0 are independent, and consider the mean value of

the estimator (4:1) bearing in mind the estimate (4:3). ] Thus, we have

IEj��j=IEIE(j��j j!) �

1X
n=0

IEKn
Z0jcj

�
IE(j�[F0]j

????X;!)� � 1X
n=0

K
n
Z0

�
CnIE(KZ0

jf j+

Z
Z0jw0j)

�

�(t sup
x;t

IEjf j+ sup
x
IEjw0j)

1X
n=0

K
n
Z0
(1) sup

X

Cn <1;

since, almost surely, [16]

IE(j�[F0](xn; tn;!)j jX;!) = IE(jtnf(x
�

n;1; t
�

n;!) + w0(x
�

n;2;!)j jX;!) � IE(tnjf j+ jw0j jX;!)

= KZ0
jf j+

Z
IRm

Z0jw0j:
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It follows that the expectation of ��[w] is equal to the mean value of the Neumann series (3:2),

thus providing an unbiased estimator for the mean solution to the random Cauchy problem.

It remains to prove that both IE(��[w](x; t;!)j!) and ��[w] have �nite variances.

Consider the recurrence representation (4:2) for the estimator and write down its second

conditional moment for almost all �xed !:

IE(��2[w]j!) = KZ2

0
c2=p[IE(�

�2[w]j!)] + IE(�2[F0]j!) + 2F0KZ0cw

=
1X
n=0

K
n
Z2

0
c2=p

[IE(�2[F0]j!)� F
2
0 + 2F0IE(�

�[w]j!)]:

Consider IE(�2[F0]j!). It is clear that the simulation of auxiliary points for this estimator

depends on our choice, and we can sample them independently. It follows that

IE(�2[F0](x; t;!)j!) = tKZ0
f
2 + 2KZ0

f

Z
IRm

Z0w0 +

Z
IRm

Z0w
2
0:

Thus, since c, f , and w0 are bounded for a �xed !, the term in brackets is also bounded.

Therefore, to establish the �niteness of IE(��2[w]j!) it is su�cient to prove convergence of

the Neumann series for Kk2=p = KZ2

0
c2=p = KtZ0c2=q. Consider the integral operator with the

kernel tZ0. From the properties of the parametrix Z0, K
n
tZ0

(1) = t
2n2�n=n!. Thus, we have

IE(�2[F0]j!) � const(!)

1X
n=0

(cmaxt)
2n(2q)�n=n! <1:

Notice that for random c the term in brackets is correlated with the kernel of the integral

operator. Thus, to estimate the absolute second moment we have to take into account this

relation. We obtain

IE��2[w]� sup
x;t

IE
�
�
2[F0]� F

2
0

� 1X
n=0

q
�n
C2nK

n
tZ0

(1)+2 sup
x;t

IEF 2
0

1X
n=0

1X
j=0

q
�n
C2n+jK

n
tZ0

K
j
Z0
(1):

It can be easily obtained that

K
n
tZ0

K
j
Z0
(1) = t

2n+j(j + 1)(j + 3) � � � (j + 2n� 1)=(2n + j)!:

Since it is obvious that

(2n)!! 2�n=n! < 1 and (2n+ j)!! (j + 1)(j + 3) � � � (j + 2n� 1)=(2n + j)! < 1=j!!;

we have

IE��2[w] � sup
x;t

IE
�
�
2[F0]� F

2
0

� 1X
n=0

a(2n) + 2 sup
x;t

IEF 2
0

1X
n=0

1X
j=0

q
j=2
a(2n+ j)=j!!:

This means that the second moment of ��[w] is bounded and its variance is �nite. 2

It is clear that the transition density of the Markov chain X de�ned in this section is

consistent with the kernel of the integral operator in (3:5). Thus, it can be used to construct

a Monte Carlo estimator based on the representation (3:4) with a \frozen" coe�cient. Namely,

we sample the random functions c, f , and w0 thus �xing !, and set
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�
�

f [w](x; t;!) = t exp(c(x1; t1;!)(t� t1))�[�](x1; t1;!) + exp(c(x�; 0;!) t)w0(x
�;!); (4:5)

where the estimator for � is determined by the recurrence (for brevity, here we omit the

dependence on the random parameter)

�[�](xn; tn) = �[�](xn+1; tn+1)�
tn

q
exp(c(xn+1; tn+1)(tn � tn+1))[c(xn; tn)� c(xn+1; tn+1)] +

exp(c(x�n; 0) tn)[c(xn; tn)� c(x�n; 0)]w0(x
�

n) + f(xn; tn): (4:6)

Theorem 7. At the assumptions of Theorem 5, the conditional estimator

IE(��f [w](x; t;!)j!) provides a.s. solution to the random Cauchy problem and has �nite con-

ditional variance.

At the last conditions of Theorem 5, ��f [w] de�ned by (4:5) is an unbiased estimator for

the mean value of the solution at the point (x; t) 2 DT and has �nite variance.

Proof. To prove the �rst part of the theorem, it is su�cient to repeat, almost literally, the

speculations of Theorem 6. Thus, it remains to establish that the variance of ��f [w] is �nite

or, what is su�cient, that �[�] has a bounded second moment.

Denote by 	 the conditional (�xed !) second moment of �[�]. From (4:6) it follows that

	 = KZ0e(c)	+ F
0

0(�� F
0

0); (4:7)

where

e(c) =
tn

q
exp(2c(xn+1; tn+1)(tn � tn+1))[c(xn; tn)� c(xn+1; tn+1)]

2
:

Suppose that the conditions that ensure absolute convergence of the Neumann series for the

integral operator KZ0e(c) are satis�ed. Then, we can write explicitly

	 =

1X
i=0

K
i
Z0e(c)

 
F
0

0

1X
n=1

K
n
Z0(c�c0)F

0

0

!

=

1X
i=1

1X
n=1

K
i
Z0e(c)

�
F
0

0K
n
Z0(c�c0)F

0

0

�
+

1X
n=1

F
0

0K
n
Z0(c�c0)F

0

0:

In our notation,

K
i
Z0e(c)

�
F
0

0K
n
Z0(c�c0)F

0

0

�
= K

i+n
Z0

�
exp(2S1;i + S1;n)�

2
i�nF

0

0(xi; ti; �)F
0

0(xi+n; ti+n; �)
�
;

and, by virtue of the properties of the functions S and �, we come to summation of the

series for the integral operator KZ0j�j
� (see the proof of Theorem 5). The convergence of this

series means that the conditional variance of the estimator (4:5) is �nite. It is clear, however,

that the convergence remains valid if we take the expectations of absolute values of terms in

the Neumann series for the integral operator KZ0j�j
�. Therefore, the absolute variance of the

estimator is also �nite. 2

Remark. The computational cost of estimators (4:1) and (4:5) is of order "�2V , where V is

the upper bound of the variance and may depend on t.
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5. Results of computations and conclusions

In order to avoid problems that could be caused by simulation of random �elds in spaces

of higher dimensions, we choose to consider, as a numerical example, the solution of equation

(1:1) in the one-dimensional case. We set the test solution to be cos(�xt), where � is an

exponentially distributed random variable. In this case, f(x; t;!) = ��x sin(�xt), and the

initial values are constant and equal to one. Let � = 1, then c(x; t;!) = (�t)2. This means

that to obtain sample values of the random �elds f and c, we may use the simple simulation

formula � = � log �, and we do not need to apply randomized spectral models here [13].

Computational experiments made it clear that with this simulation procedure estimators

(4:1) and (4:5) are equivalent, and so the computational results presented are for the estimator

(4:1) only. It is essential to note that the randomized Markov chain cut-o� in accordance

with the chain condition (with probability 1� q on every step) is not the only algorithm that

is appropriate. Namely, we set q equal to one and terminate the calculations when the weight

Q
�

n becomes less than a prescribed value ".

It was most interesting to estimate the second moment function for the solution. In the

test considered it is equal to

B(x1; t1;x2; t2) =
1 + x1t1 + x2t2

(1 + jx1t1 � x2t2j
2)(1 + jx1t1 + x2t2j

2)
:

To obtain an estimator for B, we use two independent estimators (4:1) constructed for the

same sample values of the random parameters of the problem and based on the same Markov

chain. The �gure gives the results of computations (stars) compared to the exact values of

B(0; 0:5;x; 0:5).

Notice that the coe�cient c in this example does not satisfy the conditions of Theorem 2.

This means that estimator (2:3) based on the probabilistic representation is not applicable

here. The conditions of Theorem 3 are satis�ed only for t < 1, and the results of computations

are in good agreement with the theoretical curve in this case, and this is clearly seen from

the �gure. Notice that the applicability of estimator (4:1) strongly depends on the properties

of c, and its variance may rapidly grow with t. Hence, some additional e�orts are needed in

order to apply the constructed estimators for large times.
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